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The method of Cosserat dynamics is employed to explore the nonplanar nonlinear dynamics of elastic rods. The rod,
which is assumed to undergo ﬂexure about two principal axes, extension, shear and torsion, are described by a general
geometrically exact theory. Based on the Cosserat theory, a set of governing partial diﬀerential equations of motion with
arbitrary boundary conditions is formulated in terms of the displacements and angular variables, thus the dynamical anal-
ysis of elastic rods can be carried out rather simply. The case of doubly symmetric cross-section of the rod is considered
and the Kirchoﬀ constitutive relations are adopted to provide an adequate description of elastic properties in terms of a
few elastic moduli. A cantilever is given as a simple example to demonstrate the use of the formulation developed. The
nonlinear dynamic model with the corresponding boundary and initial conditions are numerically solved using the Fem-
lab/Matlab software packages. The corresponding nonlinear dynamical responses of the cantilever under external har-
monic excitations are presented through numerical simulations.
 2007 Elsevier Ltd. All rights reserved.
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Nonlinear dynamic analysis of slender elastic structures under external forces and torques and parametric
excitations remains an active area of study. Such a study can ﬁnd application in accelerating missiles and space
crafts, components of high-speed machinery, manipulator arm, microelectronic mechanical structures
(MEMS), components of bridges (such as towers and cables) and other structural elements. Considerable
attention has been devoted to the study of nonlinear dynamics of rods or beams subject to both external
and parametric excitations (see, for example, Nayfeh and D.T.Mook, 1979; Saito and Koizumi, 1982; Kar
and Dwivedy, 1999 and the references cited therein). While attention so far has mainly been devoted to the0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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D.Q. Cao, R.W. Tucker / International Journal of Solids and Structures 45 (2008) 460–477 461study of planar, nonlinear dynamic analysis of beams, research has been done concerning nonplanar, nonlin-
ear motions of beams. Bolotin (1964) addressed such motions in beams, but restricted himself to consideration
of nonlinear inertia terms and stability of the planar response. Crespo da Silva and Glynn (1978a) formulated
the equations of motion describing the nonplanar, nonlinear dynamics of an inextensional beam. The nonpla-
nar, nonlinear forced oscillations of a cantilever are then analyzed in Crespo da Silva and Glynn (1978b) using
the perturbation method. Cartmell (1990) and Forehand and Cartmell (2001) derived the nonlinear equation
of motion for the in-plane and out-of-plane forced vibration of cantilever beams with a lumped mass.
The studies mentioned above are restricted to systems with no extension of the beam’s neutral axis and no
warping or shear deformation. Crespo da Silva (1988a,b) investigated the problem of nonlinear dynamics of
the nonplanar ﬂexural-torsional-extensional beams, but the eﬀects of rotary inertia and shear deformation
were neglected. Thus, cross-sectional dimensions of the beam were assumed to be small enough in comparison
to the beam length. However, the shear deformation may be of considerable importance and can not be neg-
ligible for studying the vibration of high frequencies when a comparative short rod is investigated. In such a
case, the eﬀect of shear deformation should be taken into account for. For the planar problem, although such
eﬀects can be included by using the Timoshenko beam theory, most of the studies are limited to the determi-
nation of natural frequencies and eigenfunctions (Huang, 1961; Bishop and Price, 1977; Grant, 1978; Bruch
and Mitchell, 1987). For the three-dimensional problem, we refer to Simo and Vu-Quoc (1988, 1991) for a
geometrically exact rod model incorporating shear and torsion-warping deformation. Further studies on
the dynamic formulation of sandwich beams have been presented in Vu-Quoc and Deng (1995) and Vu-Quoc
and Ebcioglu (1995) based on the geometrically-exact description of the kinematics of deformation. Moreover,
Esmailzadeh and Jalili (1998) investigated the parametric response of cantilever Timoshenko beams with
lumped mass, but restricted themselves to consideration of nonlinear inertia terms. Based on the geometri-
cally-exact model of sliding beams, parametric resonance has been presented in Vu-Quoc and Li (1995), where
the beams can undergo large deformation with shear deformation accounted for.
In the case involving the full dynamic response, the strong nonlinearity and fully coupling introduce a chal-
lenge for solving the partial diﬀerential equations of motion of rods. We refer to Rubin (2001) for a formu-
lation of a numerical solution procedure for three-dimensional dynamic analysis of rods by modelling the rod
as a set of connected Cosserat points, also Rubin and Tufekci (2005) and Rubin (2000) for three-dimensional
dynamics of a circular arch and shells using the theory of a Cosserat point, respectively. A Galerkin projection
has been applied to discretize the governing partial diﬀerential equations of sliding beams in Vu-Quoc and Li
(1995) and sandwich beams in Vu-Quoc and Deng (1997). Recently, a new modelling strategy has been pro-
posed in Cao et al. (2006) to discretize the rod and to derive the ordinary diﬀerential equations of motion with
third order nonlinear generic nodal displacements. This modelling strategy has been successfully used to inves-
tigate the nonlinear dynamics of typical MEMS device that comprises a resonator mass supported by four
ﬂexible beams (Cao et al., 2005).
In this paper we explore the nonplanar, nonlinear dynamics of an extensional shearable rod by using the
simple Cosserat model. The method of Cosserat dynamics for elastic structures is employed since it can
accommodate to a good approximation the nonlinear behavior of complex elastic structures composed of
materials with diﬀerent constitutive properties, variable geometry and damping characteristics (Antman,
1991; Antman et al., 1998; Tucker and Wang, 1999; Cull et al., 2000; Gratus and Tucker, 2003). With arbitrary
boundary conditions, the Cosserat theory is used to formulate a set of governing partial diﬀerential equations
of motion in terms of the displacements and angular variables, describing the nonplanar, nonlinear dynamics
of an extensional rod. Bending about two principal axes, extension, shear and torsion are considered, and care
is taken into account for all the nonlinear terms in the resulting equations. As an example, a simple cantilever
is given to demonstrate the use of the formulation developed. The nonlinear dynamic model with the corre-
sponding boundary and initial conditions are numerically solved using the commercially available software
packages Femlab and Matlab. Corresponding nonlinear dynamical responses of the cantilever under external
harmonic excitations are presented and discussed through numerical simulations.
The following conventions and nomenclature will be used through out this paper. Vectors, which are ele-
ments of Euclidean 3-spaceR3, are denoted by lowercase, bold-face symbols, e.g., u, v; vector-valued functions
are denoted by lowercase, italic, bold-face symbols, e.g., u, v; tensors are denoted by upper-case, bold-face
symbols, e.g., I, J; matrices are denoted by upper-case, italic, bold-face symbols, e.g., M, K. The symbols
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and ( 0) denote diﬀerentiation with respect to dimensionless time parameter s and dimensionless length param-
eter r, respectively.2. Background on the simple Cosserat model
In this section the basic concepts of the Cosserat theory for an elastic rod of unstressed length ‘ are sum-
marized. The three vectors {e1,e2,e3} are assumed to form a ﬁxed right-handed orthogonal basis. Elements of
the rod are labelled in terms of the Lagrangian coordinate 06 s 6 ‘ at time t. The motion of an elastic segment
may be described in terms of the motion in space of a vector r that locates the line of centroids (shown dash-
dotted) of the cross-sections as shown in Fig. 1. Specifying a unit vector d3 (which may be identiﬁed with the
normal to the cross-section) at each point along this line enables the state of shear to be related to the angle
between this vector and the tangent osr to the centroid space-curve. Specifying a second vector d2 orthogonal
to the ﬁrst vector (thereby placing it in the plane of the cross-section) can be used to encode the state of bend-
ing and twist along the element. In such a way, the current orientation of each cross-section at s 2 [0, ‘] is
deﬁned by specifying the orientation of a moving basis d1, d2, d3 = d1 · d2, see Simo and Vu-Quoc (1988)
and Vu-Quoc and Deng (1995) for details. Elastic deformations about the line of centroids are then coded into
the rates of change of r and the triad d1, d2, d3 of the cross-section at s. Thus a time dependent ﬁeld of two
mutually orthogonal unit vectors along the segment provides three continuous dynamical degrees of freedom
that, together with the three continuous degrees of freedom describing the centroid space-curve relative to
some arbitrary origin in space (with ﬁxed inertial frame e1, e2, e3), deﬁne a simple Cosserat rod model. Sup-
plemented with appropriate constitutive relations and boundary conditions such a model can fully accommo-
date the modes of vibration that are traditionally associated with the motion of slender rods in the engineering
literature: namely axial motion along its length, torsional or rotational motion and transverse or lateral
motion.
The tangent to the space-curve, v = v(s, t), is given byvðs; tÞ ¼ osrðs; tÞ; ð1Þ
the rotation of the directions along the space curve and the local angular velocity vector of the director triad
are measured by u = u(s, t), w = w(s, t) according toosdiðs; tÞ ¼ uðs; tÞ  diðs; tÞ;
otdiðs; tÞ ¼ wðs; tÞ  diðs; tÞ;

ð2Þrespectively. It follows from the ﬁrst equation of (2) thate
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Fig. 1. A simple Cosserat model.
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i¼1
ðdi  osdiÞ ¼
X3
i¼1
ðdi  ðu diÞÞ ¼
X3
i¼1
ðuðdi  diÞ  diðdi  uÞÞ ¼ 2u: ð3ÞSimilarly, we haveX3
i¼1
ðdi  otdiÞ ¼
X3
i¼1
ðdi  ðw diÞÞ ¼
X3
i¼1
ðwðdi  diÞ  diðdi  wÞÞ ¼ 2w: ð4ÞSince the basis {d1,d2,d3} is natural for the intrinsic description of deformation, we decompose relevant vector
valued functions with respect to it:vðs; tÞ ¼P3
i¼1
viðs; tÞdiðs; tÞ;
uðs; tÞ ¼P3
i¼1
uiðs; tÞdiðs; tÞ;
wðs; tÞ ¼P3
i¼1
wiðs; tÞdiðs; tÞ:
8>>>>><
>>>>>:
ð5ÞThe contact forces n(s, t) and contact torques m(s, t) are related to the extension and shear strains v(s, t), and
ﬂexure and torsion strains u(s, t) by constitutive relations, respectively. The angular momentum h(s, t) is related
to the rotary inertia and the director angular velocity w(s, t).
The dynamical evolution of the rod with density, q(s), and cross-section area, A(s) is governed by the New-
ton’s dynamical laws:qðsÞAðsÞottr ¼ osnðs; tÞ þ fðs; tÞ;
othðs; tÞ ¼ osmðs; tÞ þ vðs; tÞ  nðs; tÞ þ lðs; tÞ;

ð6Þwhere f(s, t) and l(s, t) denote external force and torque densities, respectively, the contact force vector, contact
torque vector, and the angular momentum vector can be written asnðs; tÞ ¼P3
i¼1
niðs; tÞdiðs; tÞ;
mðs; tÞ ¼P3
i¼1
miðs; tÞdiðs; tÞ;
8>><
>>:
ð7Þandhðs; tÞ ¼
X3
i¼1
hiðs; tÞdiðs; tÞ; ð8Þrespectively. For more details about Eqs. (6)–(8), we refer to the governing equations (i)–(iii) derived in terms
of the noncommutative Lie group of proper orthogonal transformations in Simo and Vu-Quoc (1988), see also
in Vu-Quoc and Deng (1995) and Vu-Quoc and Ebcioglu (1995). It will be assumed that the Young’s modulus
E, the shear modulus G, and the material density q along the rod are functions of s only, and the mass center
coincides with the area centroid of the cross-section at s. In this case, the simplest constitutive model for the
linear elastic material is based on the Kirchhoﬀ constitutive relations with shear deformation, see the discus-
sions in Simo and Vu-Quoc (1988, 1991) for details of constitutive relations. Such a model provide an ade-
quate description of elastic properties in terms of a few elastic moduli. The presence of arbitrary rotations
relating the local director frame to the global inertial frame renders the equations of motion inherently non-
linear. The contact forces, contact torques and the angular momentum are then given asn ¼ Kðv d3Þ; m ¼ Ju; h ¼ Iw; ð9Þ
where, for a symmetric cross-section of a rod, the tensors K, J and I are described as
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i¼1
Kiiðs; tÞðdiðs; tÞ  diðs; tÞÞ;
Jðs; tÞ ¼P3
i¼1
J iiðs; tÞðdiðs; tÞ  diðs; tÞÞ;
Iðs; tÞ ¼P3
i¼1
I iiðs; tÞðdiðs; tÞ  diðs; tÞÞ:
8>>>>><
>>>>:
ð10ÞHere the symbol  is used to denote the tensorial product u  v of two vectors u and v that assigns to each
vector w the vector (u  v)w = (v Æ w)u. The corresponding terms in (10) can be written asK11 ¼ K22 ¼ jðsÞGðsÞAðsÞ; K33 ¼ EðsÞAðsÞ;
J 11 ¼
R
AðsÞ EðsÞg2 dA; J 22 ¼
R
AðsÞ EðsÞn2 dA;
I11 ¼
R
AðsÞ qðsÞg2 dA; I22 ¼
R
AðsÞ qðsÞn2 dA;
J 33 ¼
R
AðsÞ GðsÞ n2 þ g2 þ n oWog þ g oWon
 
dA;
I33 ¼
R
AðsÞ qðsÞðn2 þ g2ÞdA;
8>>>><
>>>>>:
ð11Þwhere W is the warping function which is the same for all cross-sections according to the Saint-Venant Theory,
and j(s) is a numerical factor depending on the shape of the cross-section at s.
Making use of (5), (9) and (10), we haven ¼ K11v1d1 þ K22v2d2 þ K33ðv3  1Þd3;
m ¼ J 11u1d1 þ J 22u2d2 þ J 33u3d3;
h ¼ I11w1d1 þ I22w2d2 þ I33w3d3:
8><
>: ð12ÞComparing with (7), we getn1 ¼ K11v1; m1 ¼ J 11u1; h1 ¼ I11w1;
n2 ¼ K22v2; m2 ¼ J 22u2; h2 ¼ I22w2;
n3 ¼ K33ðv3  1Þ; m3 ¼ J 33u3; h3 ¼ I33w3:
8><
>: ð13Þ3. Speciﬁcations for the deformed conﬁguration space
Consider a uniform and initially straight rod of constant length ‘, supported in an arbitrary manner at each
end as shown in Fig. 2. It is assumed that the static equilibrium of the rod corresponds to the situation where
the directions of d3 and e3 coincide, d1 and d2 are parallel to e1 and e2, respectively.
The components of the elastic displacement vector of the centroid at an arbitrary location s is assumed to
be x(s, t), y(s, t), z(s, t), i.e.s
A
e
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Fig. 2. Coordinate systems used in the development of governing equations.
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The orientation of the directors d1, d2, d3 at location s, relative to the inertial basis {e1,e2,e3}, can be described
by three successive rotations, called Euler angles. Alternatively, the moving frame can be described by the
rotation group SO(3) as the formulations in Simo and Vu-Quoc (1988, 1991), Vu-Quoc and Deng (1995)
and Vu-Quoc and Ebcioglu (1995). The three successive rotations starts by rotating the basis {e1,e2,e3} an
angle w(s, t) about the axis aligned with the director e2 as shown in Fig. 3a. Next, we rotate the basis
fe^1; e2; e^3g an angle h(s, t) about the axis aligned with the new director e^1 as shown in Fig. 3b. Finally, we rotate
the basis fe^1; e^2; d3g an angle /(s, t) about the axis aligned with the new director d3 as shown in Fig. 3c.
The representative matrices for the three successive rotations can be written asDwðs; tÞ ¼
coswðs; tÞ 0  sinwðs; tÞ
0 1 0
sinwðs; tÞ 0 coswðs; tÞ
2
64
3
75; ð15Þ
Dhðs; tÞ ¼
1 0 0
0 cos hðs; tÞ sin hðs; tÞ
0  sin hðs; tÞ cos hðs; tÞ
2
64
3
75; ð16ÞandD/ðs; tÞ ¼
cos/ðs; tÞ sin/ðs; tÞ 0
 sin/ðs; tÞ cos/ðs; tÞ 0
0 0 1
2
64
3
75; ð17Þrespectively.
Denote dij = di Æ ej. Then, using Eqs. (15)–(17), one can write the transformation matrix between the inertial
basis {e1,e2,e3} and the basis {d1,d2,d3} as follows:Dðs; tÞ ¼ ½dijðs; tÞ ¼ D/ðs; tÞDhðs; tÞDwðs; tÞ
¼
cos/ coswþ sin/ sin h sinw sin/ cos h  cos/ sinwþ sin/ sin h cosw
 sin/ coswþ cos/ sin h sinw cos/ cos h sin/ sinwþ cos/ sin h cosw
cos h sinw  sin h cos h cosw
2
64
3
75: ð18ÞSince D is an orthogonal matrix, from the deﬁnition of dij = di Æ ej, we haveo
ψ
ψ
θ φ
φ
θ
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e2
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e3
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o
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Fig. 3. The successive angle rotations of a diﬀerential element of arc length ds.
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X3
j¼1
dijej; ej ¼
X3
k¼1
dkjdk: ð19ÞThusosdi ¼ os
X3
j¼1
dijej
 !
¼
X3
j¼1
osdijej ¼
X3
j¼1
X3
k¼1
ðosdijÞdkjdk: ð20ÞSubstituting (20) into (3) yieldsu ¼ 1
2
X3
i¼1
di  osdi ¼ 1
2
X3
i¼1
di 
X3
j¼1
X3
k¼1
ðosdijÞdkjdk
 !
¼ 1
2
X3
j¼1
½ðosd1jÞd2j  ðosd2jÞd1jd3 þ 1
2
X3
j¼1
½ðosd2jÞd3j  ðosd3jÞd2jd1
þ 1
2
X3
j¼1
½ðosd3jÞd1j  ðosd1jÞd3jd2: ð21ÞTaking notice ofX3
j¼1
dijðs; tÞdkjðs; tÞ ¼ dik; ð22Þwhere d is the Kronecker d-function, we haveX3
j¼1
½ðosdijðs; tÞÞdkjðs; tÞ þ dijðs; tÞðosdkjðs; tÞÞ ¼ 0: ð23ÞHence, (21) can be written asu ¼
X3
j¼1
½ðosd2jÞd3jd1 þ ðosd3jÞd1jd2 þ ðosd1jÞd2jd3: ð24ÞTherefore, from (18) and (24) we can obtainu1 ¼ osh cos/þ osw cos h sin/;
u2 ¼ osh sin/þ osw cos h cos/;
u3 ¼ os/ osw sin h:
8><
>: ð25ÞSimilarly, replacing the time derivative by the space derivative, we can easily obtainw1 ¼ oth cos/þ otw cos h sin/;
w2 ¼ oth sin/þ otw cos h cos/;
w3 ¼ ot/ otw sin h:
8><
>: ð26ÞIn order to express the extension and shear strains as functions of displacements x(s, t), y(s, t), z(s, t) and angles
h(s, t), w(s, t), /(s, t), we deﬁnere1ðs; tÞ ¼ xðs; tÞ; re2ðs; tÞ ¼ yðs; tÞ; re3ðs; tÞ ¼ sþ zðs; tÞ: ð27Þ
Then, the strain vector v(s, t) can be written asv ¼ osr ¼
X3
i¼1
ðosrei Þei ¼
X3
i¼1
ðosrei Þdjidj: ð28ÞSubstituting (18) and (27) into (28) yields
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þð1þ oszÞð cos/ sinwþ sin/ sin h coswÞ;
v2 ¼ osxð sin/ coswþ cos/ sin h sinwÞ þ osy cos/ cos h
þð1þ oszÞðsin/ sinwþ cos/ sin h coswÞ;
v3 ¼ osx cos h sinw osy sin hþ ð1þ oszÞ cos h cosw:
8>>>><
>>>:
ð29Þ4. Governing equations of motion
To obtain the partial diﬀerential equations of motion in terms of the displacements x(s, t), y(s, t), z(s, t) and
angles h(s, t), w(s, t), /(s, t), we decompose the contact force n(s, t) with respect to the ﬁxed basis {e1,e2,e3} asnðs; tÞ ¼
X3
i¼1
nei ðs; tÞei: ð30ÞThen, making use of (9) and (19), we haven ¼
X3
i¼1
nidi ¼
X3
i¼1
X3
j¼1
nidijej ¼
X3
i¼1
nejej: ð31ÞIt follows from (13) thatne1 ¼
P3
i¼1
di1ni ¼ d11K11v1 þ d21K22v2 þ d31K33ðv3  1Þ;
ne2 ¼
P3
i¼1
di2ni ¼ d12K11v1 þ d22K22v2 þ d32K33ðv3  1Þ;
ne3 ¼
P3
i¼1
di3ni ¼ d13K11v1 þ d23K22v2 þ d33K33ðv3  1Þ:
8>>>><
>>>>:
ð32ÞTo proceed, using the relations between the strain vector u(s, t) and the diﬀerentiation of the directors d1(s, t),
d2(s, t) and d3(s, t) with respect to s, and the relations between the angular velocity vector w(s, t) and the dif-
ferentiation of the directors d1(s, t), d2(s, t) and d3(s, t) with respect to t, we can easily obtain the following
expressions:osm ¼
X3
i¼1
osðmidiÞ ¼
X3
i¼1
ðosmidi þ miu diÞ
¼ ðosm1  m2u3 þ m3u2Þd1
þ ðosm2  m3u1 þ m1u3Þd2
þ ðosm3  m1u2 þ m2u1Þd3; ð33Þ
oth ¼
X3
i¼1
otðhidiÞ ¼
X3
i¼1
ðothidi þ hiw diÞ
¼ ðoth1  h2w3 þ h3w2Þd1
þ ðoth2  h3w1 þ h1w3Þd2
þ ðoth3  h1w2 þ h2w1Þd3: ð34ÞIn addition, we recordv n ¼
X3
i¼1
vidi
 !

X3
j¼1
njdj
 !
¼ ðv2n3  v3n2Þd1 þ ðv3n1  v1n3Þd2 þ ðv1n2  v2n1Þd3: ð35Þ
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scribed intensity. Consequently, the external force and torque densities can be written as:fðs; tÞ ¼ fxðs; tÞe1 þ fyðs; tÞe2 þ fzðs; tÞe3;
lðs; tÞ ¼ lxðs; tÞe1 þ lyðs; tÞe2 þ lzðs; tÞe3:

ð36ÞDecomposing the torque density with respect to the moving basis {d1,d2,d3}, we havelðs; tÞ ¼
X3
i¼1
liðs; tÞdiðs; tÞ; ð37Þwhere, li(s,t) (i = 1,2,3) can be expressed by using the transformation matrix (18) and the relation (19) asl1 ¼ lxðcos/ coswþ sin/ sin h sinwÞ þ ly sin/ cos h
þlzð cos/ sinwþ sin/ sin h coswÞ;
l2 ¼ lxð sin/ coswþ cos/ sin h sinwÞ þ ly cos/ cos h
þlzðsin/ sinwþ cos/ sin h coswÞ;
l3 ¼ lx cos h sinw ly sin hþ lz cos h cosw:
8>>><
>>>>:
ð38ÞSubstituting the expressions (32)–(37) into the dynamic equation (6), we can obtainqAottx ¼ osðd11K11v1 þ d21K22v2 þ d31K33ðv3  1ÞÞ þ fx;
qAotty ¼ osðd12K11v1 þ d22K22v2 þ d32K33ðv3  1ÞÞ þ fy ;
qAottz ¼ osðd13K11v1 þ d23K22v2 þ d33K33ðv3  1ÞÞ þ fz;
oth1  h2w3 þ h3w2 ¼ osm1  m2u3 þ m3u2 þ v2n3  v3n2 þ l1;
oth2  h3w1 þ h1w3 ¼ osm2  m3u1 þ m1u3 þ v3n1  v1n3 þ l2;
oth3  h1w2 þ h2w1 ¼ osm3  m1u2 þ m2u1 þ v1n2  v2n1 þ l3;
8>>>>><
>>>>>:
ð39Þwhere dij is deﬁned by (18), ni, mi and hi are given by (13), while ui, wi, vi and li are given by (25), (26), (29) and
(38), respectively.
The boundary conditions at the ends of the rod should be determined in each particular case. For example,
at a ﬁxed end the deﬂections and the rotations are equal to zero. In this case the boundary conditions arex ¼ y ¼ z ¼ 0 and h ¼ w ¼ / ¼ 0: ð40Þ
At a free end the boundary conditions areamnþ fbðtÞ ¼ 0 and ammþ lbðtÞ ¼ 0; ð41Þ
where am = +1 at the right end of the rod, am = 1 at the left end, andfbðtÞ ¼ f bx ðtÞe1 þ f by ðtÞe2 þ f bz ðtÞe3;
lbðtÞ ¼ lbxðtÞe1 þ lbyðtÞe2 þ lbz ðtÞe3
(
ð42Þare the external force and torque applied to the corresponding end of the rod. As the external distributed tor-
que l(s, t), the torque vector lb(t) can be expressed in the moving frame {d1,d2,d3} and the corresponding com-
ponents lbi ðtÞ ði ¼ 1; 2; 3Þ can be determined through the relation (19) and the transformation matrix (18) as
follows:lb1 ¼ lbxðcos/ coswþ sin/ sin h sinwÞ þ lby sin/ cos h
þlbz ð cos/ sinwþ sin/ sin h coswÞ;
lb2 ¼ lbxð sin/ coswþ cos/ sin h sinwÞ þ lby cos/ cos h
þlbz ðsin/ sinwþ cos/ sin h coswÞ;
lb3 ¼ lbx cos h sinw lby sin hþ lbz cos h cosw;
8>>>><
>>>>:
ð43Þ
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Substituting the relations (32) and (42) into the ﬁrst equation of (41), the force boundary conditions can be
rewritten asam½d11K11v1 þ d21K22v2 þ d31K33ðv3  1Þ þ f bx ðtÞ ¼ 0;
am½d12K11v1 þ d22K22v2 þ d32K33ðv3  1Þ þ f by ðtÞ ¼ 0;
am½d13K11v1 þ d23K22v2 þ d33K33ðv3  1Þ þ f bz ðtÞ ¼ 0:
8><
>: ð44ÞSimilarly, the torque boundary conditions can be obtained asamJ 11u1 þ lb1ðtÞ ¼ 0; amJ 22u2 þ lb2ðtÞ ¼ 0; amJ 33u3 þ lb3ðtÞ ¼ 0: ð45ÞFor simplicity, it will be assumed that the axes along the directors d1, d2 and d3 are chosen to be the principal
axes of inertia of the cross-section at s, and centered at the cross-section’s center of mass. Then, we haveK11 ¼ jGA; K22 ¼ jGA; K33 ¼ EA;
J 11 ¼ Ec11; J 22 ¼ Ec22; J 33 ¼ Gc33;
I11 ¼ qc11; I22 ¼ qc22; I33 ¼ qðc11 þ c22Þ;
8><
>: ð46Þwhere c11 and c22 are the moments of inertia of the rod cross-section, and c33 is the torsional moment of iner-
tia. For a rectangular cross-section, the torsional moment of inertia is as follows (Rubin, 2000):c33 ¼
WH 3
3
1 192H
p5W
X1
n¼1
1
ð2n 1Þ5 tanh
pð2n 1ÞW
2H
" #
for W P H ;where W and H are the dimensions of the cross-section. Moreover, the approximate formula of the torsional
moment of inertia can be written asc33 ¼
WH 3
3
1 0:63 H
W
1 H
4
12W 4
  
for W P H :As a prelude to expanding the nonlinear partial diﬀerential equations (39) to a form suitable for a perturbation
analysis of the motion, it is useful to introduce some natural scales to obtain a dimensionless equation of mo-
tion. Introduce the dimensionless variablesr ¼ s
‘
; p1 ¼
x
‘
; p2 ¼
y
‘
; p3 ¼
z
‘
; p4 ¼ h; p5 ¼ w; p6 ¼ /; s ¼ x0t; ð47Þwhere x0 is the reference natural frequency yet to be determined. Moreover, letg0 ¼ 1qAx2
0
‘
; n01 ¼ jGAg0‘ ; n02 ¼ EAg0‘ ;
g1 ¼ 1qc11x20 ; g2 ¼
1
qc22x
2
0
; g3 ¼ 1qc33x20 ;
n11 ¼ Eq‘2x2
0
; n12 ¼ Gc33Ec22q‘2c11x20 ; n13 ¼ jGAg1; n14 ¼ EAg1;
n21 ¼ Eq‘2x2
0
; n22 ¼ Gc33Ec11q‘2c22x20 ; n23 ¼ jGAg2; n24 ¼ EAg2;
n31 ¼ Gq‘2x2
0
; n32 ¼ Eðc22c11Þq‘2c33x20 ; n33 ¼
c22c11
c33
:
8>>>>><
>>>>>:
ð48ÞThen, substituting the relations (18), (13), (25), (26), (29), (38) and (46) into the nonlinear equation (39), we
obtain the governing diﬀerential equation of motion in terms of dimensionless displacements pi(s, t)
(i = 1,2, . . . , 6) as follows:
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þ n01p01  n02 cos p4 sin p5g0 þ g0fx; ð49Þ
€p2 ¼ fðn01  n02Þðp10 sin p4 sin p5 þ p02 cos p4 þ ð1þ p03Þ sin p4 cos p5Þ cos p4
þ n02ðp02 þ sin p4Þg0 þ g0fy ; ð50Þ
€p3 ¼ fðn01  n02Þðp01 cos p4 sin p5 þ p02 sin p4  ð1þ p03Þ cos p4 cos p5Þ cos p4 cos p5
þ n01ð1þ p03Þ  n02 cos p4 cos p5g0 þ g0fz; ð51Þð _p4 cos p6 þ _p5 sin p6 cos p4Þ:  ð _p6  _p5 sin p4Þð _p4 sin p6  _p5 cos p4 cos p6Þ
¼ n11ðp04 cos p6 þ p05 sin p6 cos p4Þ0  n12ðp06  p05 sin p4Þðp04 sin p6  p05 cos p6 cos p4Þ
 ððn13  n14Þðp01 cos p4 sin p5  p02 sin p4 þ ð1þ p03Þ cos p4 cos p5Þ þ n14Þ
 fp01ð sin p6 cos p5 þ cos p6 sin p4 sin p5Þ þ p02 cos p6 cos p4
þ ð1þ p03Þðsin p6 sin p5 þ cos p6 sin p4 cos p5Þg
þ g1lxðcos p6 cos p5 þ sin p6 sin p4 sin p5Þ þ g1ly sin p6 cos p4
þ g1lzð cos p6 sin p5 þ sin p6 sin p4 cos p5Þ; ð52Þ
ð _p4 sin p6 þ _p5 cos p6 cos p4Þ:  ð _p6  _p5 sin p4Þð _p4 cos p6 þ _p5 sin p6 cos p4Þ
¼ n21ðp05 cos p6 cos p4  p04 sin p6Þ0  n22ðp06  p05 sin p4Þðp04 cos p6 þ p05 sin p6 cos p4Þ
þ ððn23  n24Þðp01 cos p4 sin p5  p02 sin p4 þ ð1þ p03Þ cos p4 cos p5Þ þ n24Þ
 fp01ðcos p6 cos p5 þ sin p6 sin p4 sin p5Þ þ p02 sin p6 cos p4
þ ð1þ p03Þð cos p6 sin p5 þ sin p6 sin p4 cos p5Þg
þ g2lxð sin p6 cos p5 þ cos p6 sin p4 sin p5Þ þ g2ly cos p6 cos p4
þ g2lzðsin p6 sin p5 þ cos p6 sin p4 cos p5Þ; ð53Þ
ð _p6  _p5 sin p4Þ: þ n33ð _p4 sin p6 þ _p5 cos p4 cos p6Þð _p4 cos p6 þ _p5 sin p6 cos p4Þ
¼ n31ðp06  p05 sin p4Þ0 þ n32ðp04 sin p6 þ p05 cos p6 cos p4Þðp04 cos p6 þ p05 sin p6 cos p4Þ
þ g3ðlx cos p4 sin p5  ly sin p4 þ lz cos p4 cos p5Þ; ð54Þwhere the symbols (.) and ( 0) denote diﬀerentiation with respect to dimensionless time parameter s and dimen-
sionless length parameter r, respectively. The boundary conditions at a ﬁxed end arep1 ¼ p2 ¼ p3 ¼ p4 ¼ p5 ¼ p6 ¼ 0: ð55ÞAt a free end, the force boundary conditions (44) can be rewritten asamfðn01  n02Þðp01 cos p4 sin p5 þ p02 sin p4  ð1þ p03Þ cos p4 cos p5Þ cos p4 sin p5
þ n01p01  n02 cos p4 sin p5g þ
g0
‘
f bx ðsÞ ¼ 0; ð56Þ
amfðn01  n02Þðp01 sin p4 sin p5 þ p02 cos p4 þ ð1þ p03Þ sin p4 cos p5Þ cos p4
þ n02ðp02 þ sin p4Þg þ
g0
‘
f by ðsÞ ¼ 0; ð57Þ
amfðn01  n02Þðp01 cos p4 sin p5 þ p02 sin p4  ð1þ p03Þ cos p4 cos p5Þ cos p4 cos p5
þ n01ð1þ p03Þ  n02 cos p4 cos p5g þ
g0
‘
f bz ðsÞ ¼ 0; ð58Þwhile the torque boundary conditions (45) can be rewritten as
D.Q. Cao, R.W. Tucker / International Journal of Solids and Structures 45 (2008) 460–477 471amn11ðp04 cos p6 þ p05 sin p6 cos p4Þ þ
g1
‘
lbxðcos p6 cos p5 þ sin p6 sin p4 sin p5Þ
þ g1
‘
lby sin p6 cos p4 þ
g1
‘
lbz ð cos p6 sin p5 þ sin p6 sin p4 cos p5Þ ¼ 0; ð59Þ
amn21ðp05 cos p6 cos p4  p04 sin p6Þ þ
g2
‘
lbxð sin p6 cos p5 þ cos p6 sin p4 sin p5Þ
þ g2
‘
lby cos p6 cos p4 þ
g2
‘
lbz ðsin p6 sin p5 þ cos p6 sin p4 cos p5Þ ¼ 0; ð60Þ
amn31ðp06  p05 sin p4Þ þ
g3
‘
ðlbx cos p4 sin p5  lby sin p4 þ lbz cos p4 cos p5Þ ¼ 0: ð61Þ5. Femlab implementation
Femlab is an open ﬂexible system used to model all types of scientiﬁc and engineering problems based on
partial diﬀerential equations (Femlab homepage). This gives us freedoms to implement numerical solution
procedure of the nonlinear partial diﬀerential equations of motion with the corresponding boundary condi-
tions and initial conditions. We introduce the solution procedure of the nonlinear partial diﬀerential equations
(49)–(54) with the boundary conditions (55) and/or (56)–(61). Letp ¼
p1
p2
p3
p4
p5
p6
2
666666664
3
777777775
; q ¼ _p ¼
_p1
_p2
_p3
_p4
_p5
_p6
2
666666664
3
777777775
; b ¼
b1
b2
b3
b4
b5
b6
2
666666664
3
777777775
; g ¼
g1
g2
g3
g4
g5
g6
2
666666664
3
777777775
; gb ¼ g0
‘
f bx ðsÞ
f by ðsÞ
f bz ðsÞ
lb1ðsÞ
lb2ðsÞ
lb3ðsÞ
2
6666666664
3
7777777775
: ð62Þwhereb1 ¼ ðn01  n02Þðþp01 cos p4 sin p5  p02 sin p4 þ ð1þ p03Þ cos p4 cos p5Þ cos p4 sin p5
n01p01 þ n02 cos p4 sin p5;
b2 ¼ ðn02  n01Þðp01 sin p4 sin p5 þ p02 cos p4 þ ð1þ p03Þ sin p4 cos p5Þ cos p4
n02ðp02 þ sin p4Þ;
b3 ¼ ðn01  n02Þðp01 cos p4 sin p5  p02 sin p4 þ ð1þ p03Þ cos p4 cos p5Þ cos p4 cos p5
n01ð1þ p03Þ þ n02 cos p4 cos p5;
b4 ¼ n11ðp04 cos p6 þ p05 sin p6 cos p4Þ;
b5 ¼ n21ðp04 sin p6  p05 cos p6 cos p4Þ; b6 ¼ n31ðp06 þ p05 sin p4Þ:
8>>>>>>><
>>>>>>>:
ð63ÞTaking notice ofð _p4 cos p6 þ _p5 sin p6 cos p4Þ:  ð _p6  _p5 sin p4Þð _p4 sin p6  _p5 cos p4 cos p6Þ
¼ €p4 cos p6 þ €p5 sin p6 cos p4  2 _p4 _p6 sin p6
þ2 _p5 _p6 cos p4 cos p6  _p25 sin p4 cos p4 cos p6;
ð _p4 sin p6 þ _p5 cos p6 cos p4Þ:  ð _p6  _p5 sin p4Þð _p4 cos p6 þ _p5 sin p6 cos p4Þ
¼ €p4 sin p6 þ €p5 cos p6 cos p4  2 _p4 _p6 cos p6
2 _p5 _p6 sin p6 cos p4 þ _p25 sin p4 cos p4 sin p6;
ð _p6  _p5 sin p4Þ: þ n33ð _p4 sin p6 þ _p5 cos p4 cos p6Þð _p4 cos p6 þ _p5 sin p6 cos p4Þ
¼ ð€p6  €p5 sin p4Þ  _p5 _p4 cos p4
þn33ð _p24 sin p6 cos p6 þ _p4 _p5 cos 2p6 cos p4 þ _p25 sin p6 cos p6 cos2 p4Þ;
8>>>>>>>><
>>>>>>>>>:
ð64Þthe nonlinear partial diﬀerential equations (49)–(54) can be rewritten as
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Ma _q
 
þ 0
b0
 
¼ q
g
 
; ð65ÞwhereMa ¼
I33
Mm
 
; Mm ¼
cos p6 sin p6 cos p4 0
 sin p6 cos p6 cos p4 0
0  sin p4 1
2
64
3
75; ð66Þandg1 ¼ g0fx; g2 ¼ g0fy ; g3 ¼ g0fz;
g4 ¼ n12ðp06  p05 sin p4Þðp04 sin p6  p05 cos p6 cos p4Þ
ððn13  n14Þðp01 cos p4 sin p5  p02 sin p4 þ ð1þ p03Þ cos p4 cos p5Þ þ n14Þ
fp01ð sin p6 cos p5 þ cos p6 sin p4 sin p5Þ þ p02 cos p6 cos p4
þð1þ p03Þðsin p6 sin p5 þ cos p6 sin p4 cos p5Þg þ g1l1
þ2 _p4 _p6 sin p6  2 _p5 _p6 cos p4 cos p6 þ _p25 sin p4 cos p4 cos p6;
g5 ¼ n22ðp06  p05 sin p4Þðp04 cos p6 þ p05 sin p6 cos p4Þ
þððn23  n24Þðp01 cos p4 sin p5  p02 sin p4 þ ð1þ p03Þ cos p4 cos p5Þ þ n24Þ
fp01ðcos p6 cos p5 þ sin p6 sin p4 sin p5Þ þ p02 sin p6 cos p4
þð1þ p03Þð cos p6 sin p5 þ sin p6 sin p4 cos p5Þg þ g2l2
þ2 _p4 _p6 cos p6 þ 2 _p5 _p6 sin p6 cos p4  _p25 sin p4 cos p4 sin p6;
g6 ¼ n32ðp04 sin p6 þ p05 cos p6 cos p4Þðp04 cos p6 þ p05 sin p6 cos p4Þ þ g3l3 þ _p5 _p4 cos p4
þn33ð _p24 sin p6 cos p6  _p4 _p5 cos 2p6 cos p4  _p25 sin p6 cos p6 cos2 p4Þ:
8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:
ð67ÞUsing the general form for nonlinear PDEs with 12 dependent variables, Eq. (65) can be implemented in Fem-
lab in terms of the Matlab code (for details, see Comsol, 2004). The Dirichlet boundary conditions should be
adopted at a ﬁxed end, i.e., p = 0. At a free end, the Neumann boundary conditions should be adopted, i.e.,
amb = gb, where b and gb are deﬁned by (62).
For the formulated nonlinear model of a Cosserat rod, the numerical analysis using the Femlab program-
ming language at the Matlab command line consists of the following steps:
1. Formulation of the governing equations;
2. Discretization of the equations;
3. Solution of the equations;
4. Interpretation of the results.
Given the one-dimensional geometry data, an initial ﬁnite element mesh is easily generated by meshinit. The
meshextend command is used for discretization of the PDE problem and can be modiﬁed to improve accuracy.
The geometry, nonlinear PDEs and boundary conditions are deﬁned by a set of ﬁelds in the Matlab codes. For
solving purposes Femlab contains speciﬁc solvers (like static, dynamic, linear, nonlinear solvers) for speciﬁc
PDE problems. Here, we use femtime to solve the dynamic problem of the system.
6. Simulation results and discussion for a simple cantilever
A cantilever (ﬁxed at the left hand and free at the right hand), as shown in Fig. 2, is now presented as a
simple example to demonstrate the numerical solution procedure of the proposed Cosserat rod model. Numer-
ical calculations based on (65) are carried out for the uniform horizontal cantilever of length ‘ = 1.0 m, of con-
stant cross-section with width b = 0.06 m and thickness a = 0.04 m. The mass density, the Young’s modulus
and the Poisson’s ratio are assumed to be q = 2.730 · 103 kg/m3, E = 7.1 · 1010 Pa and m = 0.32, respectively.
The shear correction factor for rectangular cross-section is taken to be j = 0.833. The reference frequency is
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of shearing deformations, i.e.,x0 ¼ 1:875
2
‘2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ec22
qA
s
¼ 1:875
2
‘2
ﬃﬃﬃﬃﬃﬃﬃﬃ
Ea2
12q
s
¼ 207:0236 rad s1:Based on the derived nonlinear system (65), numerical simulations are performed to investigate the dynamic
responses of the cantilever under harmonic excitations. The diﬀerential equations of motion are full coupled
by the nonlinear terms and could exhibit internal resonance introduced by the nonlinearities. They also exhibit
external resonances when the external excitation is periodic and the frequency of a component of its Fourier
series is near one of the natural frequencies of the system, or near a multiple of a natural frequencies. The
detailed analysis of complex dynamic behavior, such as bifurcation (Vu-Quoc and Li, 1995) and chaos, of
the system is not the main focus of this paper. We only present here the simulation results of the dynamic
responses of the system under external harmonic excitations.
The dynamical responses of the free end of the cantilever (with zero initial displacements and velocities)
under external distributing loadsfxðtÞ ¼ 2 sinðpsÞ sinð8x0tÞ kN m1; f yðtÞ ¼ 2 sinðpsÞ sinð8x0tÞ kN m1;
are obtained using the Femlab/Matlab, and shown in Fig. 4. It is observed that the transverse displacements
x(1, t) and y(1, t) consist of more than one harmonic motions with diﬀerent frequencies. The longitudinal dis-
placement z(1, t) and the torsional oscillation /(1, t) are obviously not periodic motions, which is not surpris-
ing, since various dynamic phenomena are expected for such a strongly nonlinear and fully coupling system.
Moreover, it can be observed that the longitudinal displacement z(1, t) is a higher order small term comparing
with other variables like x(1, t) and y(1, t). The transverse displacement time histories x(s, t) and y(s, t) of the
nonlinear coupling model under external harmonic excitations are shown in Figs. 5 and 6, respectively.
Dividing the cantilever into 10 Cosserat Rod Elements (CRE) of equal length, see Cao et al. (2006) for the
formulation of CREs, one can establish the nonlinear ordinary diﬀerential equations of motion for solving the
free displacements. Numerical simulations for the responses of the model under the same external harmonic0 0.02 0.04 0.06
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Fig. 4. Dynamical responses of the cantilever at the free end under harmonic excitations.
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Fig. 5. Displacement time histories of the cantilever x(s, t) [m] under harmonic excitations.
0
0.2
0.4
0.6
0.8
1
0
0.02
0.04
0.06
−1.5
−1
−0.5
0
0.5
1
x 10−3
s [m]t [sec]
y(s
,t) 
[m
]
Fig. 6. Displacement time histories of the cantilever y(s, t) [m] under harmonic excitations.
474 D.Q. Cao, R.W. Tucker / International Journal of Solids and Structures 45 (2008) 460–477excitations are performed with Matlab. The corresponding dynamical responses of the CRE model are
depicted in Figs. 7–9 for a comparison of the results in Figs. 4–6 obtained in this paper.
7. Conclusions
The nonlinear partial diﬀerential equations of motion for slender elastic rods have been formulated using
the Cosserat theory. Unlike other formulations presented in the literature, the nonlinear dynamic model for-
mulated here are explicitly in terms of the displacements and angular variables. Flexure along two principal
axes, extension, shear and torsion are considered, and care is taken to account for all the nonlinearities include
contributions from both the curvature expression and inertia terms.
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Fig. 7. Dynamical responses of the cantilever at the free end under harmonic excitations: Cosserat Rod Element Approach.
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Fig. 8. Displacement time histories of the cantilever x(s, t) [m] under harmonic excitations: Cosserat Rod Element Approach.
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ically solving the formulated nonlinear dynamical model with the corresponding boundary and initial condi-
tions. A simple cantilever under external harmonic excitations has been presented to demonstrate the use of
the formulation developed, and to illustrate the numerical solution procedure.
Based on the case study of applying the proposed modelling strategy for nonlinear dynamics of elastic rods,
the following conclusions have been drawn.
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Fig. 9. Displacement time histories of the cantilever y(s, t) [m] under harmonic excitations: Cosserat Rod Element Approach.
476 D.Q. Cao, R.W. Tucker / International Journal of Solids and Structures 45 (2008) 460–4771. The explicit nature of the construction permits us to directly express the nonlinear dynamic model of the
elastic rod and the corresponding boundary conditions in terms of the displacements and angular variables,
thus the dynamical analysis of elastic rods can be carried out rather simply.
2. The governing partial diﬀerential equations of motion can be easily expanded to contain nonlinearities up
to order three to render them amenable to the study of moderately large amplitude ﬂexural-torsional-she-
arable oscillations by perturbation techniques. Moreover, the approach on dimension reduction of dynam-
ical systems, such as the nonlinear Galerkin method (Rega and Troger, 2005) and the Karhunen–Loeve
method (which in the mathematical literature is also called Proper Orthogonal Decomposition (POD)
method (Georgiou, 2005)), could be used to develop reduced-order dynamic models of the coupled nonlin-
ear partial diﬀerential systems derived here. Therefore, the full coupled nonlinear model formulated here
could be very useful for the detailed analysis of complex dynamic behavior, such as bifurcation and chaos,
of the slender rods.
3. The nonlinear dynamic model could be numerically solved in terms of the Femlab/Matlab interfaces. The
Femlab environment oﬀers a powerful simulation tool for analyzing the responses of nonlinear dynamic
models (of slender material elements such as those found in an MEMS device) presented here.
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